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ABSTRACT 
The following thesis contains an investigation into the application of 
fracture mechanics techniques to threaded fastener geometry. Studies of 
compliance for two bolt sizes were conducted to determine a method of 
generalization. A commonality was found in the fit of a fifth order polynomial 
function of which constants can be extracted and tabulated. Values of J were 
then investigated for an array of crack sizes perpendicular to the crack front. 
Investigation of J values was also conducted on a crack with an orientation such 
that mode I, mode II and mode III loading had an influence on the crack front 
stress. It was found that the constraint of the crack influences the stress in the 
forward sector, resulting in the actual stress field deviating from the theoretical 
HRR solution. A two parameter J-Q approach was taken in defining the stress 
state ahead of the crack tip with increased accuracy. The effects of variations in 
crack geometry and location along the crack front were investigated showing 
significant influence on the constraint effect acting on the cracked region.  
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CHAPTER I 
1. INTRODUCTION
 Overview of Fastener Failure in Service Applications 
When attempting to perform an analysis on any variation of component 
type, it is extremely important for the engineer to understand the manufacturing 
processes and physics that go into the design of the component. Fastener 
development is a surprisingly complicated procedure due to the vast amount of 
considerations given to the application and environment. Some of these factors 
include corrosion resistance, ease of assembly, ease of disassembly, vibration 
resistance, tamper-proofing and weight [27]. Figure 1.1-1 shows a decent 
visualization of the varieties of fasteners that are available, the ones shown in 
this image barely even scratch the surface of the diversity. The physics of bolt 
design generally relate back to standard quasi-static mechanics analysis. The 
application of torque on the head allows the threads to induce linear movement 
of the shaft through transverse movement along an inclined thread plane. The 
forces are broken down in Figure 1.1-2 to show the process of how torque 
application can translate to linear motion. When the portion of the applied 
tangential force along the plane of the lead angle is large enough to overcome 
the frictional force resisting the movement, the unit cell representing a section of 
2 
nut is allowed to slide along the inclined thread surface resulting in the linear 
advancement of the component. 
Figure 1.1-1 - Various types of threaded fasteners for use in a myriad of industry 
applications (http://www.fastener-world.com.tw) 
Figure 1.1-2 – Free body diagrams for screw thread resisting forces [30] 
The general equation for the torque required to lift the load using a power screw, 
or tighten a nut, is given as [29]: 
3 
 
  	

        
   

	  
1.1-1 
where W is downward exerted force, dm is the mean diameter of the threads, n 
is the normal thread angle,  is the lead angle, fc is the sliding coefficient of the 
collar friction and dc is the mean collar diameter.  
 
Figure 1.1-3 - Force flow diagram of a bolt assembly in tension [27] 
1.1.1. Threaded Fastener Service Applications and Requirements 
Expanding our view out to the bolt assembly, Figure 1.1-3 shows the force 
flow diagram for a bolted joint assembly. It is noted for this analysis that the load 
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transfers in along the top surface of the threads and then quickly translates to a 
pure tensile force along the remaining length of the threaded fastener. 
Fasteners are potentially the most commonly used component in 
engineering design. The application range of fasteners is immense, from use in 
the automotive and aircraft industry, to toy manufacturing and beauty products. 
Fasteners are in our lives from the moment we get out of bed until the moment 
we fall asleep. If this is the case, then why are there still such a large number of 
fastener failure on in-service machines and structures? The answer is likely a 
misunderstanding of the load capabilities of any individual bolt caused by a 
general assumption of bolt selection simplicity [27]. Taking a look a Figure 1.1-4, 
we see just a couple examples of “tamper-proof” screws that can be selected for 
use in a design. These are just one type of head that have become available on 
a near infinite array of fastener options. 
Figure 1.1-4 – Examples of tamper-proof safety fastener heads 
To begin understanding why fasteners fail, we need to clearly understand 
their design function. The purpose of a fastener is generally to apply a clamping 
force onto two or more components in order to keep them from separating during 
operation. Fasteners prevent shear and tension forces from separating theses 
5 
component, making them useful in situations where welding would prove too 
costly and unnecessary. 
Fatigue failure is estimated to comprise nearly 90% of mechanical service 
failures [26]. Whether the failure is due to high-cycle or low-cycle fatigue, in most 
cases this type of failure is preventable with proper design methodologies and 
routine maintenance schedules. 
Figure 1.1-5 – Join tensile load and bolt load in joint diagram (without causing 
joined parts to separate) [30] 
Figure 1.1-5 illustrates the relationship between the external tensile force 
fluctuation, W, that is induced on the bolted joint and the bolt load, FB. When the 
bolt load fluctuation exceeds that of the reference force, F0, cyclic fatigue 
stresses are induced on the bolted joint. One of the largest factors in preventing 
cyclic stress and ultimately fatigue failure of a threaded fastener is the application 
of a proper preload [25]. Figure 1.1-6 shows a diagram of the forces a clamped 
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joint normally sees in its operation life and illustrates the role of preload in 
resisting the separation forces of the assembly.  
The reason for this is that proper preload actual reduces the amplitude of 
cyclic stresses on the fastener by keeping the clamped components together, 
ideally reducing the load fluctuation to a magnitude of zero. In Figure 1.1-5, when 
forces increase to the point that the elastic deformation meets or exceeds point C 
the joints are no longer held together and begin to separate. 
 
Figure 1.1-6 – Illustration of bolt preload force P and opposing forces tensile, T, 
and shear, S, forces [28] 
In Figure 1.1.7-1 (c) the effect of improper preload can be seen; as the 
working load, Fw, begins to exceed the preload force, Fp, the load on the bolt is, 
Fb, is increased by the difference. If this difference is allowed to continue, the bolt 
will begin to see signs of fatigue loading and eventually reach uncontrollable 
crack propagation and failure.  
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Figure 1.1-7 - Difference of pre-load effect on bolt load (b) ideal behavior (c) real 
world behavior - from the ASM Metals 
1.1.2. Documentation of Fastener Failure 
A simple google search of fastener failure brings up case study upon case 
study [21, 22, 23, 43, 44, 45] of instances in which structures have failed due to 
fracturing of key fastener components. No design is immune to the effects of 
flaws in component material, manufacturing processes and improper installation 
and engineers often take these aspects into account through the implementation 
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of design safety factors as well as using judgement to make a decision. Despite 
these efforts, cracks will inevitable make their way into mechanical components 
through influences such as corrosion, specifically hydrogen embrittlement, and 
fatigue stress cracking. 
Ramachandran [24] gathered together a group of cases studies on all 
types of failure. Two cases relevant to bolt fracture are summarized below. In 
both of these cases unexpected conditions led to the failure of threaded fastener 
components.  
Case Study 1: Failure of Dowel Bolts in an Aircraft Engine 
In this study multiple failures occurred in dowel bolts of an aircraft engine 
when the design was changed from 7 8.5 mm bolts to 6 9.2mm. It was reported 
that some of the bolts were torqued above the specified value with starting 
torques greatly exceeding the specified range. SEM results showed fatigue 
striations ranging from 0.4-2.5 m along with intercrystalline and transcrystalline 
fracture features ahead of the beach marks. These results indicate that failure 
was caused due to fatigue fracture. 
Case Study 2: Failure of Shutter Bolts in a Reaction Control Valve in an 
Aircraft 
This study examined failed aircraft shutter bolts that were found during an 
inspection following the crash of a similar aircraft. These bolts were found on 5 
different aircraft and all showed similar failure characteristics. SEM results 
showed, for the bolts that did not have severe oxidation, patterns of intergranular 
cracking. Metallography reports showed branching cracks that are typical of 
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sulphide stress cracking (SSC). According to the investigators, it was apparent 
that these cracks had been present and propagated over a period of time 
indicative of stress corrosion. 
With an overview of what causes fasteners to fail, design methods can 
now be examined. Traditional strength of materials design methods employ the 
use of the yield or tensile strength in combination with a safety factor to avoid 
failure at a given applied stress. While this method can be adequate given a 
large safety factor but flaws in the material and component cause a disconnect 
between the theory and real world structure. In order to account for flaws in the 
component a fracture mechanics approach to design is commonly used. 
Anderson [1] shows the contrast of these two approaches as shown in Figure 
1.1-8. This study presents nonlinear fracture mechanics analysis of threaded 
fastener geometries having different crack-like flaws. 
 
Figure 1.1-8 Comparison of strength of materials approach (a) and the fracture 
mechanics approach (b) [1] 
10 
 Project Objectives 
The initial scope of the project was to determine compliance equations for a 
threaded fastener of interest to the Department of the Navy. The hope is to 
create a new method of threaded fastener fracture testing that can someday be 
implemented into a new ASTM standard. This work was funded by and 
completed through a summer program titled “Naval Research Enterprise 
Internship Program”. 
Compliance data was of interest as a method to calibrate fracture 
mechanics testing methods that were to be developed in the future. The hope 
was to be able to apply the resulting data to prevent failure of naval components 
and update preventative maintenance schedules. This data would also introduce 
a method of accountability to ensure that maintenance routines, mostly fastener 
preload, were followed correctly and that shortcuts were not taken resulting in 
expensive repairs. 
The project was later extended to conduct nonlinear fracture mechanics 
characterization using two-parameter theory. The results can then be used to 
provide a guideline for damage tolerance design structures implementing 
threaded fasteners. 
1.2.1. Linear and Nonlinear Fracture Mechanics 
For linear elastic material behavior, the stress intensity factor 
characterizes the stress field in the crack tip region. Figure 1.2-1 shows the 
stress distribution ahead of a mode I crack, where KI is the stress intensity factor. 
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This KI value can then be compared to a critical, KIC, as the fracture toughness to 
determine if and when failure will occur. 
 
Figure 1.2-1 – Stress equations near the crack tip of a linear elastic material. 
The damage tolerance approach to design is used to determine what level 
of material and structural defect is acceptable as the costs to repair such flaws 
can be expensive and unwarranted. A critical flaw size used in conjunction with a 
method to determine the crack growth over the life of the component yields an 
effective method for predicting service life. Giving that comparison is the equation 
for fatigue crack growth rate of a given material: 

   
1.2-1 
where da/dN represents the crack growth per cycle, K is the range for the 
stress-intensity factor and C and m are given material constants.  
The usefulness of K-dominated methods [36] outside of linear elastic 
conditions is highly limited. With the increased nonlinear dominance of the stress 
state a method implementing the CTOD and J-integral approach is needed. 
12 
Known as J-controlled fracture, this method uses a J-CTOD relationship to define 
the fracture toughness of the structure meeting the criteria of J-dominance. The 
applicability of the J dominance approach is determined by the equation of the 
stress state in this region: 
 !  " #
$%&
!'( ) *+ ,
-(,. / ( / (0*
1.2-2 
where rJ is the radius of the J-dominated zone. 
The J-dominance method begins to lose validity as the large strain region 
grows to the point where the HRR field [1] no longer characterizes the behavior 
within the plastic zone. In this case Equation 1.2-2 no longer holds merit for 
defining the stress state in this region. At this point a multi-parameter approach is 
necessary to accurately represent the stress state near the crack tip. In this 
investigation, the J-Q approach [17] will be taken to determine the validity of this 
method for defining the failure method. Classic single parameter J theory 
assumes that there is a single critical J value that defines fracture. In the case of 
J-Q theory however, JC becomes a function of Q representing a locus of values 
for which fracture can occur as represented by Equation 1.2-3 and Figure 1.2-2. 
&1  &12
1.2-3 
This concept is but into use by examining the driving force vs JC curve alongside 
the toughness locus. When the driving force curve enters the toughness locus, 
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failure is expected to occur at some value within the locus before the driving 
force curve proceeds beyond the locus.  
 
 
Figure 1.2-2 – Application of J-Q toughness lotus [1] 
 Approach 
In all cases finite element analysis was conducted using Simulia 
Abaqus/Standard as the FEA pre- and post-processing tool. In the case of the 
three-dimensional models all meshing was conducted using Hyperworks 
Hypermesh and imported into Abaqus to allow for more intricate controlled 
modeling of the crack front. Three-dimensional CAD modeling was performed 
using Autodesk Inventor with the base models coming from the McMaster-Carr 
catalog of CAD models [31].
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CHAPTER II 
OVERVIEW OF FRACTURE MECHANICS THEORY 
 Linear Elastic Fracture Mechanics (LEFM) 
Linear elastic fracture mechanics is the study of fracture in a Hookean 
material in which the stress/strain relationship is linear in nature. Two notable 
figures in the development of the first fracture mechanics methods are A.A. 
Griffith [11] and G.R. Irwin [32] who developed the equations presented in this 
section. Interest in fracture mechanics as a scientific study can be documented 
as far back as Leonardo da Vinci who discovered the strength of a wire varies 
with an increase in length due to an increased probability for a flaw in the 
material. These early advancements laid the ground work for the development of 
methods that could be used to conduct analysis for materials with significant 
plastic deformation before crack extension. 
2.1.1. Griffith Energy Balance 
The first notable advancement in the study of fracture mechanics theory 
came in the form of research conducted by Griffith [11] in 1920. Griffith used the 
already well-established methods of stress analysis for an elliptical flaw in 
combination with the first law of thermodynamics to develop a comparative 
15 
 
analysis of the potential energy of the system to the surface energy of the 
material: 
$
3 
4
 
53  .,,-(, 
4
3 
53  
2.1-1 
where 6 is the total energy of the system, 7 is the potential energy of internal 
strain energy and external forces and 8,9,:; work required to develop new 
surfaces. 
As the Griffith theory is strongly based on the energy required to separate 
bonds at the atomic level, taking into account little to no effects of material flow, 
the primary limitation of this model comes in its inability to quantify fracture 
accurately in cases of metal deformation and, in general, all cases where the 
effects of plasticity are significant enough to deviate the theoretical values from 
the real-world data. Structural failures during World War II lead to an 
intensification in the interest of expanding fracture mechanics theory to 
adequately approximate for metallic material behavior and properties. It was due 
to the large inaccuracies of the Griffith model in predicting the fracture strength of 
metals that Irwin [32] modified the Griffith expression to include the effects of 
plastic work: 
<  #	$=5  =>? +
@A'
 
2.1-2 
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where BC is the fracture stress, D is the surface energy of the material and DE,is 
the plastic work per unit area of surface created. 
2.1.2. Irwin’s Energy Release Rate 
Seeking to find a fracture mechanics approach that was more applicable 
to engineering design than the zero plasticity Griffith model, Irwin [33] continued 
on to develop what he called the “force tendency”, better known as the energy 
release rate (F). F, is a rate of change of potential energy with respect to a 
change in crack area and is a measure of the non-recoverable conversion of 
energy to heat, G8H, as well as the non-recoverable plastic deformation, GI9JK. 
Irwin defined F as: 
L  ,, ∑ "NOP  Q 3  
2.1-3 
where R9  is an externally applied force, GI96K is the recoverable elastic 
deformation, GS  is the change in recoverable energy and GT, is a new fracture 
area from crack extension. The value of F which will remain zero as long as there 
is not permanent shift in the energy of the system that results in non-recoverable 
loss to deformation or heat generation. It is important to note that while the 
energy release rate takes into account plasticity effects, it is limited to highly 
localized plastic deformation for an accurate analysis. This method is typically 
valuable for materials that exhibit failure which is more of the brittle form. 
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2.1.3. Energy Release Rate and It’s Relationship with Stress Intensity 
Factors 
Various works of determination of stress at the tip of a crack are 
condensed into a single generalized equation in Anderson [1]. This equation 
does require a specific crack configurations and a linear elastic material model 
but provides a decent visualization of the stress development in a polar 
coordinate system: 
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2.1-4 
where B9\  is the stress tensor, ]  is the radial distance from crack tip to point of
interest,   is an angle from angle to r from positive crack plane, ^  is the stress
intensity factor, C9\,_9\  are dimensionless functions of ,G,,T`  is an
assigned amplitude. 
As r 0 it can be seen that a singularity is formed in the first order terms 
and induces a vanishing effect in the higher order terms. Since most fracture 
analysis will be done very close to the crack tip to determine critical stress values 
the higher order terms can generally be neglected in applications of the formula. 
Separation of the stress fields near the crack tip result in 3 modes of crack 
loading shown in Figure 2.1-1. Basic loading descriptions of these modes are as 
follows: Mode I loading is a load that is applied normal to the crack plane which is 
generally associated with tensile loading, Mode II loading is in-plane shear 
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loading most commonly from pure shear loading and Mode III loading is out-of-
plane shear loading which shows up for cases with torsional loading. 
 
Figure 2.1-1 – Visualization of loading mode terminology used in fracture 
mechanics 
 Elastic-Plastic Fracture Mechanics 
Limitations in linear-elastic fracture mechanics led to the development of 
many methods of evaluation known as elastic-plastic fracture mechanics. The 
following included the theory of some of these methods. 
2.2.1. Crack Opening Displacement 
Crack opening displacements (COD) have been studied since the early 
60’s as an effective way to parameterize elastic-plastic fracture mechanics in 
materials that exhibit a non-linear response. This method was original proposed 
by Wells [52] when he discovered that for materials on a nonlinear elastic 
definition, plastic deformation at the crack tip causes an initially sharp crack to 
become blunted. In this case the current linear elastic approach could no longer 
be taken to characterize the crack. Wells proposed the crack tip opening 
displacement (CTOD) in 1961 as a measure of fracture properties in materials 
with toughness that exceeded the capabilities of the currently in use fracture 
methods established by Irwin [20] and Dugdale [19]. During his research Wells 
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realized that cracks in materials showing plastic deformation crack-tip blunting 
occurred which was not accounted for in the previous methods which focused on 
sharp cracks in brittle materials. Wells developed an approximation for 
calculating the CTOD (δ) using the equation for the displacement behind the 
effective crack tip: 
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and the Irwin plastic zone correction factor, ry: 
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substitution of Equation 2.2-2 into 2.2-1 gives: 
m  	ab  g?
j'kl$ 
2.2-3 
for a specific crack geometry associated with a plane-strain specimen. In 
laboratory applications the crack opening displacement is used to calculate the 
compliance of the component, C, by: 
  mn 
2.2-4 
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where P is the applied load. Many equations have been developed over the 
years to relate CTOD to the energy release rate [7, 15, 46, 47]. 
Accounting for the effects of nonlinearity in the load deflection curve, a 
single compliance is no longer effective in describing how the component will 
react to the loading. For this reason the effective compliance is necessary. 
Effective compliance is calculated in the same fashion as standard compliance, 
with the caveat that the displacement used lies outside of the elastic zone: 
o<<  'n
where 2 is the elastic-plastic displacement shown in Figure 2.2-1. 
Figure 2.2-1 – Definition of the effective compliance to account for crack-tip 
plasticity [1] 
2.2.2. J-Integral 
The J-Integral is potentially the most crucial advancement in fracture 
mechanics for application to real world problems. It not only introduced a way to 
accurately evaluate fracture properties for materials with high levels of nonlinear 
deformation, it also provides a relatively simple method of doing so. Rice’s 
method employed the use of line integrals to develop a method that was 
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independent of the path taken in a given class of notch tips. Notched cracks were 
examined due to the discoveries of Wells [52] which showed that for a nonlinear 
elastic material outside plastic deformation occurs at the crack tip causing crack 
tip blunting.  
Two-dimensional analysis of the path independent J-integral begins with 
looking at a nonlinear elastic homogeneous body comprised of an elastic 
material with a Hookean response within the yield surface and nonlinear 
hardening outside of the yield surface that is free of all body forces and acted on 
by a two-dimensional deformation field. Rice [4] examined the body shown below 
in Figure 2.2-2 which has a round tip denoted by ,and flat surfaces which are 
parallel to the x-axis. To start development of the path independent J-integral the 
strain-energy density (8) must be defined by: 
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  r  s 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where B9\ is the stress tensor, u9\ is the infinitesimal strain tensor and du9\ is an 
increment in the infinitesimal strain tensor. 
Defining the J-integral (J) as 
&  s Uq   vavp wWx  
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where   a closed curve located around the crack tip, y  is the traction vector 
outward normal to ),,z  is a displacement vector and G  is an element of arc 
length along {,,
 
Figure 2.2-2 – Notched body with flat surfaces parallel to x-axis in a body with a 
two-dimensional deformation field.  
To prove path independence Green’s theorem can be applied along with 
differentiating the strain-density given the knowledge that jB9\/j|\,= 0 to show 
that for any closed curve * enclosing an area A* in a two-dimensional 
deformation field void of body forces: 
s Uq  } ~ vvp wW  .x  
2.2-7 
Considering any two paths as in Figure 2.2-2 to define a single contour region. 
Describing the contour path in a fashion that results in the integral of q  } ~

 w vanishes it can be shown that the integral along the contraclockwise paths 
sum to zero. Path independence is then inferred as any path gives the same 
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value of J, given the area between the paths is free of singularities. Focusing the 
area of interest around the crack tip the J-integral becomes a representation of 
the local field. 
2.2.3. Relation of J to K in Small-Scale Yielding Boundary-Layer Solutions 
as Method for Finite Element Verification 
When developing a finite element model to appropriately determine J-
integral values for a Boundary-Layer model it is important to have a method to 
verify the validity of the model setup and solver calculations. This is performed by 
using the equations of small-scale yielding developed by Rice [38]. In his 
analysis Rice looked at a case in which a narrow crack in a body was loaded to 
induce a yielded zone near the tip that, relative to the dimensions, is small. 
Formulation begins by means of defining polar coordinates (r, for the
boundary-layer problem with the origin located at the crack tip. From this method 
we get the equation for the stress state in the vicinity of the tip: 
  j	?(@' 
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2.2-8 
where KI is the stress intensity factor and fij() = set of geometric functions [4].
Figure 2.2-3 shows the crack region, approximated as a semi-infinite body, being 
evaluated by Rice as well as the orientation of the coordinate system used to 
determine boundary conditions representing the asymptotic stresses acting on 
the boundary layer. 
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Assuming that the plastic zone forms near the tip in an elastic-plastic 
material in which the load level is sufficiently small it can be assumed that the 
singularity controls stresses a significant distance away from any geometrical 
Figure 2.2-3 - (a) Small-scale yielding example for a crack in an elastic plastic 
material with geometrically exact boundary conditions.   (b) Configuration of 
crack in a semi-infinite body in which the actual boundary conditions are replaced 
with an asymptotic method 
influences. Due to this assumption a semi-infinite approach can be taken 
resulting in an acceptable application of a boundary-layer analysis. These 
assumptions lead to a re-write of Equation 2.2-8 to: 
  , j	?(@' 
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Evaluating the J-integral using the boundary layer solution parameters, taking the 
contour, , as a large circle with radius r Rice found that:
&  ( s () *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Allowing r to approach infinity and noting that W is quadratic in the strain region it 
is found that only the asymptotically approached inverse square-root elastic-
stress field contributes to the J-integral analysis. Using the associated plane-
strain deformation field Equation 2.2-10 reduces to the form: 
&  d  i'$ j'
2.2-11 
Equation 2.2-12 now provides a mathematical method to check the 
accuracy of the finite element boundary layer model by calculating the K value 
associated with the output J-value. Agreement with the K value used to 
determine the displacement field values on the boundary layer indicates that the 
finite element model has sufficient contours to achieve a path-independent state. 
2.2.4. The HRR solution 
The Hutchinson-Rice-Rosengren [48,49] (HRR) solution provides a 
method of showing that J characterizes the crack-tip conditions of a nonlinear 
elastic material. Uniaxial deformation, taking into account a power-law hardening 
material with the inclusion of elastic strains, can be defined using the Ramberg-
Osgood equation: 
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where 0 is the reference stress, u0=0/E,  is a dimensionless material constant 
and n is the strain-hardening exponent. It was shown that path independence is 
maintained when stress-strain is varied using 1/r near the crack tip. Stress-strain 
relationships can be reduced to a power-law function at distances very near the 
crack tip where elastic strains are small compared to total strain: 
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where k1 and k2 are proportionality constants, defined further in Anderson [1]. 
Application of boundary conditions yields the ability to obtain stress-strain 
distributions from the following: 
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2.2-16 
where In is an integration constant depending on n, ij and uij are dimensionless 
functions of n and . Equations 2.2-15 and 2.2-16 are known as the HRR 
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singularity. Figure 2.2-4 shows the angular variation in polar coordinates of 
dimensionless stress for a selected material with n=3. 
Figure 2.2-4 – Angular variation of dimensionless stress for n=3 of a plane strain 
specimen [48] 
2.2.5. Limitations of J in Low-Constraint Geometries and Introduction of J-
Q Theory 
In cases of two dimensional fracture mechanics analysis in which high 
constraint geometry exists it is possible to define the small scale yielding HRR 
singularity field using a single constraint J-dominance approach. However, when 
investigating ductile fracture properties of a three-dimensional model 
consideration has to be given to constraint parameters and their effects on the 
stress conditions in the model as excessive plasticity causes single parameter 
fracture mechanics to be of little use. This is due to the loss of J-dominance in 
low constraint size dependent geometries where a single parameter J-integral 
approach is not adequate to define the fracture toughness. J-Q theory, 
introduced by O’Dowd and Shih [40, 41] and investigated farther by Henry [42], 
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relates directly to the stress triaxiality of the geometry. The triaxiality factor 
parameter, denoted here as TF, is one of the most widely used constraint 
parameters in fractures mechanics and is defined as a ratio between the 
hydrostatic mean stress, σm, and the von Mises effective stress, σVM: 
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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where xx, yy, zz are stresses in the x, y and z directions respectively. 
In J-Q theory, the J-integral is kept as a measure of the deformation state 
at the crack tip, with the addition of a Q value to fully define the stress 
characteristics at the crack tip. Q is also of interest as it parameterizes the strain 
field for distances ahead of the crack tip that are normalized by J/σys [42]. Many 
Figure 2.2-5 - Schematic given by O'Dowd and Shih showing the necessity for a 
two-parameter approach to fracture mechanics 
variations of J-Q theory are given by O’Dowd and Shih [40, 41, 17] beginning 
with the examination of the boundary layer defined by the first two terms of the 
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Williams equation [36] for the small-displacement-gradient linear elastic solution 
given as: 
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From their research in [40] O’Dowd and Shih found that the stress state in 
front of the crack front can be effectively represented by using a two-parameter 
fracture mechanics theory known as J-Q theory [41]. This research resulted in 
the parameterization of the crack state using the following equation: 
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Then evaluating the stress state by calculating the difference field through 
examining the SSY model for various T values against the SSY model for T=0, 
O’Dowd and Shih determined that: 
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This difference field results in the definition of Q as a result of the stress in the 
annulus region obtained by: 
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where ()SSY:T=0 is the SSY crack opening stress state for a value of T=0 and 
 is the actual crack opening stress field ahead of the crack tip. In all case Q 
value is evaluated at 2J/σYS as this value lies outside of the finite strain region 
but within the bounds of the J-Q annulus defined by O’Dowd. [17] 
Considering the difference field of a standard plane strain small scale 
yielding solution in which the only driving factor of the stress state is the stress 
intensity factor K since  T=0, Q can be obtained from difference field of the 
hydrostatic stresses at a radius of r=2J/0 compared at an angle of =0: 
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in which it is seen values of Q less than zero (Q<0) signify low triaxiality ahead of 
the crack tip and loss of J-dominance while values of Q greater than zero (Q>0) 
signify high triaxiality and agreement with the HRR values. For the research 
included in this paper, Q was determined using the method of hydrostatic stress 
and crack opening stress as a check for model validity.  
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CHAPTER III 
DEVELOPMENT OF FASTENER TESTING METHODS 
In order for the finite element models to be related into real world testing, it 
is important to know the strict standards by which laboratory testing is conducted. 
References for these methods are usually ASME or ASTM documentation that is 
produced from years of refinement of laboratory procedures and evaluation. 
ASTM standards have been approved for use by agencies of the Department of 
Defense and will be the main tool used for the determination of testing practices 
that will be used in this study. 
The following testing methods are also to be used in the development of a 
theoretical testing method for determining the CMOD of threaded fasteners. It is 
intended that this method become a standard that can be used as an engineering 
practice for consistency in fastener selection. Testing of this method however is 
not feasible due to funding limitations and must be confirmed at a later date. 
 Tension Testing 
Guidelines governing standard tension testing are highly extensive and 
relatively strict. These methods are laid out in the ASTM standard E8/E8M [5]. As 
this method of testing has been conducted for such an extended period of time 
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that nearly every parameter has been analyzed and perfected to provide the 
most accurate data collection possible. These guidelines included the testing 
machines allowed, the grips to be used, the dimensions of the specimen and the 
procedures of loading. For the purpose of this report the most critical element to 
be obtained from the testing procedures designated for a round tensile testing 
specimen is the grip methods used for loading the device. 
Figure 3.1-1 - Gripping Device for 
Threaded-End Specimens 
Figure 3.1-2 - Gripping Device for 
Shouldered-End Specimens 
Specimen grips of interest for developing a testing procedure for a 
threaded fastener are those for threaded and shouldered specimens. These 
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devices are held in place through spherical bearing in which the distance 
between the bearings should be the greatest allowable. This allows for the 
specimen loading to remain at the center axis despite possible orientation 
rotation caused by slight variations in thread or shoulder angle. Figure 3.1-1 and 
Figure 3.1-2 below show the configurations for instances of double threaded and 
double shouldered specimens respectively. 
 CMOD Testing 
Crack Mouth Opening Displacement is commonly used method of 
measuring fracture properties of a crack in a given geometry. This method works 
specifically well in cases of standard testing specimens such as Single Edge-
Notch, SE(B), and Compact Tension, C(T), specimens. The standard followed for 
this analysis is ASTM E1290 [7] which provides the ground work for current 
CTOD methods.  
CMOD testing can be done to test parameters for multiple load 
configurations including bending and tension. This paper specifically focuses on 
the method of tension testing using the tension testing clevises described above. 
CTOD tests involve the use of clip gauges to measure the mouth opening 
displacements. There is a strict requirement that the linearity and working range 
of the clip gauge used must be calibrated to work within 1% of the working range. 
Data extracted from the clip gauges is then used to calculate the compliance of 
the component at the crack tip. In all cases a fatigue pre-crack must be initiated 
to ensure a sharp crack tip for accurate prediction of the critical compliance value 
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for crack extension. This pre-crack is initiated by machining a starter notch then 
cycling the notch in a range of 104 and 106 cycles depending on factors such as 
stress intensity, geometry and crack size.  
 
Figure 3.2-1 – Standard clip gauge used in compliance testing of fracture 
mechanics properties 
 Developed Testing Method for Threaded Fastener CMOD Determination 
Determination of an effective fracture testing method was a critical part of 
beginning this research work. Investigation of current ASTM standards and 
available equipment at the testing center led to the design of an approach that is 
believed to be an appropriate method.  
Testing is to be done using a standard tension testing machine through 
the use of shouldered end grips for the head of the bolt and threaded end grips 
for the threaded end of the bolt. The bolt is to be threaded to the point of proper 
protrusion length to ensure full activation of the threads in the grip. Due to 
dimension restraints, the clip shown in Figure 3.3-1 was chosen as a potential 
candidate for the measuring of the CMOD. With these parameters established it 
was possible to begin work on the finite element models. At a time when physical 
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testing is begun, if ever, the data obtained and the load levels applied will be 
used to verify the results of the finite elements models and establish a base 
comparison for future testing. 
Figure 3.3-1 – Gauge with a minimum notch spacing of 0.3mm 
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CHAPER IV 
COMPLIANCE ANALYSIS 
 The Finite Element Model 
Two bolt sizes were tested: a 12.7mm-0.512 x 50.8mm (1/2in-13 x 2in) 
socket head cap screw and a 6.35mm-0.787 x 50.8mm (1/4in-20 x 2in) socket 
head cap screw, both of which were fully threaded. For these models the crack 
front was modeled as a straight crack with partitions along the crack extension 
direction every 0.5mm (12.7mm model) and every 0.25mm (6.35mm model). 
Figure 4.1-1 shows the global geometry and Figure 4.1-2 shows the local 
geometry situated at the crack region. 
Figure 4.1-1 – Fully threaded socket head cap screw with necessary 
modifications for clip gauge placement 
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Figure 4.1-2 – Straight crack in compliance models with a depth of ‘a’ 
Using Hypermesh, nodes along the crack plane were detached to provide 
a model for compliance determination at each segment of the crack growth. The 
model consisted of 155406 C3D4 tetrahedral elements and used the DH36 
material. 
Figure 4.1-3 – Side view of compliance mesh showing sectioning method for 
crack growth simulation. 
.A displacement load was applied to the underside of the bolt head to 
stress the component into the upper limits of the plastic range. The model was 
constrained in a region identified as “BC” in Figure 4.1-4 to represent a nut 
resisting the tension loading. Compliance is then calculated from the model by 
dividing the opening displacement by the load, C=/P 
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Figure 4.1-4 – Diagram of bolt loading and boundary condition zones for 
compliance analysis FE models. 
 Material Definition 
ABS Grade DH36 steel, a material in which the stress strain information 
was readily available from Gao et al. [13, 14] is used in this body of work. DH36 
is a high strength structural steel with enhanced corrosion resistance, good 
toughness properties and strong processing and welding properties [50]. The 
Young’s modulus of this material is 200GPa and the Poisson’s ratio is 0.3. The 
stress-strain curve after plastic yielding was fit to a power-law hardening as given 
by applying Equation 4.2-1 with 0 = 345MPa and N=0.143: 
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where E is modulus of elasticity, σ0 is the yield stress and N is the strain 
hardening exponent. Although this investigation focuses solely on the DH36 
material, additional tests can be conducted on the same fastener geometries 
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using different materials by simply changing the stress strain curve inputs in the 
finite element program to match the new material. 
 Compliance Results 
Load versus CMOD results can be seen in Figure 4.3-1 and Figure 4.3-2 
for the 6.35mm-0.787 x 50.8mm (1/4in-20x2in) fastener model and the 12.7mm-
0.512 x 50.8mm (1/2in-20x2in) fastener model respectively. These charts show 
how the model reacts to the same value of tension displacement loading, 0.1mm. 
As expected, load carrying capability drops as the crack extends through the 
components due to a reduction in stiffness of the component as the crack 
progresses. The initial linear components of this curve represent the response of 
the material in the linear-elastic stress-strain region. From this section of the 
data, the linear compliance of the models can be plotted against the opening 
displacements of the model at various values as shown in Figures 4.3-3 and 4.3-
4. 
Figure 4.3-1 – Load versus crack mouth opening displacement for straight cracks 
of varying depth in a 1/4in-20 x 2in threaded fastener 
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Figure 4.3-2 – Load versus crack mouth opening displacement for straight cracks 
of varying depth in a 1/2in-20 x 2in threaded fastener 
 
Figure 4.3-3 – Compliance results in the linear range for a 1/4in-20x2in threaded 
fastener with a straight crack plotted against crack length/minor diameter.  
 
Figure 4.3-4 – Compliance results in the linear range for a 1/2in-13x2in threaded 
fastener with a straight crack plotted against crack length/minor diameter. 
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The results show an increase in compliance as expected and as seen in 
ASTM E1290 [7] due to a decrease in stiffness as the remaining ligament length 
decreases. Comparing the results for the linear compliance of Figure 4.3-3 to the 
results down in Figure 4.3-4 for a 12.7mm-0.512 x 50.8mm fastener, it can be 
seen that curves follow a similar trendline. Attempts to non-dimensionalize the 
linear compliance results to create a normalized equation for various geometries 
and materials did not prove successful. Complexities in geometric changes 
create significant mathematical complications and deviations in these factors that 
are not readily accountable in simplification. This indicates the need for an 
equation to be developed and documented for each configuration of interest. For 
this evaluation, Equation 4.3-1 and Equation 4.3-2 are the calculated compliance 
equation for a 6.35mm-0.787 x 50.8mm and 12.7mm-0.512 x 50.8mm threaded 
fastener respectively fit to a 5th order polynomial trendline. 
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4.3-2 
As is often done for numerically complex data, the above equations are 
generalized into a 7 parameter equation, Equation 4.3-3, with values of the 
constants given in a tabulated form in Table 4.3-1. This provides an easy method 
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of organization of extracted data as well as a method of reporting any future work 
relating to the compliance of a fastener. 
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Table 4.3-1 – Constants for generalized compliance equation developed for use 
in documentation of fastener properties 
Fastener P1 P2 P3 P4 P5 P6 P7 
1/4in-20 x 2in 14542 1 -1.337 1.259 -0.2514 0.05721 -1.911*10-4
1/2in-13 x 2in 7375 1 -2.001 1.484 -0.4137 0.05608 -2.934*10-4 
Complexities for the normalization of the compliance equation are 
escalated when looking into the nonlinear response of the material. Due to this 
nonlinearity, the slope of the load vs CMOD curve is constantly evolving as it 
exits the linear region. This change results in the compliance of the configuration 
also going through changes as the loading on the crack increases. Lacking 
experimental critical compliance data, the compliance results were plotted when 
the CMOD of the model reached arbitrarily selected points in the models. Figures 
4.3-5 and 4.3-6 show the values of effective compliance, Ceff, plotted against a/d 
for varying CMOD values of 0.0145mm, 0.03mm and 0.045mm. As CMOD is 
allowed to increase, there is an upward shift in the curve along all configurations 
of the crack front tested. It is noted that as CMOD is increase, some 
43 
 
configurations of a/d plotted in Figures 4.3-1 and 4.3-2 do not meet CMOD 
requirements used, resulting in their exclusion. 
 
Figure 4.3-5 – Evolution of effective compliance for a 1/4in-20x2in fastener 
plotted against a/d for three values of CMOD at 0.0145mm, 0.03mm and 
0.045mm 
 
Figure 4.3-6 – Evolution of effective compliance for a 1/2in-13x2in fastener 
plotted against a/d for three value of CMOD at 0.0145mm, 0.03mm and 0.045mm 
Plotting the set of values for Figure 4.3-5 in Table 4.3-2 in the same 
fashion as Table 4.3-1 a group of expressions can be collected to describe the 
crack state devolved by the loading. 
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Table 4.3-2 - Constants for generalized effective compliance equation developed 
for use in documentation of fastener properties 
Fastener 
1/4in-20 x 2in 
P1 P2 P3 P4 P5 P6 P7 
CMOD = 0.0145 2172 1 -2.682 2.941 -1.468 0.3477 -0.02655 
CMOD = 0.03 441.3 1 -2.892 3.300 -1.814 0.4833 -0.04803 
CMOD = 0.045 227.2 1 -3.006 3.571 -2.072 0.5894 -0.06427 
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CHAPTER V 
J-Q ANALYSIS 
 The Reference, Plane Strain, Small-Scale Yielding Model 
For this investigation a Modified Boundary Layer (MBL) analysis was 
performed to develop a wide array of solutions for the crack tip zone. The MBL 
solution [37, 38] simplifies the analysis at the crack tip using a set of equations to 
enforce a far-field stress on boundary layer to simulate the response at the crack 
tip. In the MBL the plastic region is limited to a small portion of the far-field 
radius, R, with a value of Rp < R/20 to ensure the validity of the K-dominated 
zone as the boundary condition definition of the HRR solution. Numerical 
solutions are obtained by imposing displacements on the far fields nodes for an 
elastic Mode I response in that region (r=R) 
a¬, *   d  i$ ­ ¬	* cos,*	  gi  cos*   d  i
'
$ ¬®-w*
5.1-1 
i¬, *   d  i$ ­ ¬	* sin,*	  gi  cos*   id  i$ ¬w¯*
5.1-2 
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Figure 5.1-1 - (a) Full small-scale yielding (SSY) model with K1 displacement field 
and R- coordinate system. (b) Near-tip mesh with initial root radius of 1.25m  
To enhance convergence of the nonlinear iterations a small initial root 
radius at the crack front was adopted. It has been shown that this initial notch 
radius will have no effect on the numerical results as the CTOD becomes greater 
than four times that of the initial radius [18,39]. In this study the initial notch 
radius was set to 1.25m.The MBL model was constructed of 2,771 two-
dimensional quadratic eight-node isoparametric plane-strain elements with 
reduced integration elements in order to accurately capture the stress state in the 
J-Q annulus.  
 The Finite Element Model 
To be studied is a 12.7mm-0.512 x 50.8mm (1/2in-13 x 2in) fully threaded 
socket head cap screw.  The 3D CAD model shown in Figure 5.2-1 Displays the 
global geometry of the threaded fastener used. Figure 5.2-2 shows a slice at the 
crack region. The model was adapted by cutting away material to account for the 
clip gage that is to be used in laboratory testing techniques. This was done by 
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removing a section of thread of length 20.32mm to account or the length of the 
gage and by cutting a notch with a size of 0.762mm for the clip gage to attach. 
Figure 5.2-1 – 12.7mm-0.512 x 50.8mm (1/2in-13 x 2in) fully threaded socket 
head cap screw with necessary modifications for clip gauge placement 
Figure 5.2-2 – Configuration of the crack front for J-integral computations 
The crack tip is modeled as a small notch due to interest in results in the 
plastic range. A blunted crack tip helps control element distortions resulting from 
the incompressibility of the elastic-plastic material in the non-linear range. Figure 
5.2-3 shows the crack-tip mesh along with views of the contour and global crack 
region. A unit cell containing the crack geometry was used in conjunction with a 
pre-meshed model of the threaded fastener by enforcing a tie constraint on the 
contacting surfaces. 
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The crack geometry was modeled using elliptical cracks with varying 
values of width (2*a) and depth (b). Elliptical flaws were chosen for this analysis 
due to their commonality as surface flaws for in service components. Figure 5.2-4 
shows the definition of the elliptical crack geometry. The 2D crack mesh was 
extruded along the elliptical arc to create 30 layers of elements with 
approximately equal spacing along the arc length. This modeling method 
provided 31 J-integral calculations regions with 40 contours in each region which 
proved sufficient for path independence. 
 
Figure 5.2-3 - Mesh of three-dimensional model examined a) zoomed out view of 
crack front area b) contour mesh with external radius of 0.12mm c) near-field 
crack tip mesh with crack tip radius of 1.25m 
 
Figure 5.2-4 – Definition of elliptical crack size control variables 
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J-integral values are calculated using a domain integral method as defined 
by the Abaqus version 6.13 documentation manual [51]. Considering a crack 
front that is tangentially continuous the local direction of the virtual crack 
extension can be given by q. Defining that local orthogonal Cartesian coordinates 
so that the point s is in the x1-x3 plane, where x1 is the normal to the crack front 
and x3 is the tangent to the crack front. The J-integral can be defined at any 
contour in the x1-x2 plane, where the x2 plane is perpendicular to the plane of the 
crack, as a representation of the pointwise energy release rate along the crack 
front: 
&w  , Ii`x! s ° ~ ± ~ ²,³x  
5.2-1 
where n is the outward normal and H is given by: 
´  µ   ~ v¶v· 
5.2-2 
where W is the elastic strain energy in the linear region and the elastic strain 
energy density plus the plastic dissipation in the elastic-plastic region and I is the 
identity matrix. The energy release rate for virtual crack advancement (s) in the 
plane of the three-dimensional crack is given as: 
& ̅  s &www  Ii`x! s w¹ ~ ´ ~ º3»¼P  
5.2-3 
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where L is the crack front being calculated, dA is surface on a vanishingly small 
tubular surface enclosing the crack tip and n is the outward normal of dA. 
Conversion of the surface integral in Equation 5.2-3 to a volume integral can be 
conducted through the volume enclosed by the contour surface shown in Figure 
5.2-5. From this figure it is seen that the enclosed volume V can be defined by 
surface A=At+A0+Aends+Acracks. 
Figure 5.2-5 – Domain volume V enclosed by surfaces At, A0 Aends and Acracks as 
0 [51]
Equation 5.2-3 can then be rewrote as: 
& ̅   ½ ¾ ~ ´ ~ º¿3  s À ~ v¶v· ~ º¿3»ÁÂÃÄ»ÅÆÇÅÈÄ»
5.2-4 
where ²¿ is a weighted function defined so that it has a magnitude of 0 at A0 and
º¿  wº on At, m is the outward normal to A (defined as –n on At to ensure
tangents to the surface) and t=¾ ~ É is the traction vector on surface Aends and
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Acracks. Using the divergence theorem to change the surface integral in Equation 
5.2-4 to a volume integral, & ̅can be wrote as: 
& ̅   s Ê´: vº¿v·  #Ë ~ v¶v·  : vÌ
ÍÎ
v· + ~ º¿Ï Ð  s À ~ v¶v· ~ º¿3»ÁÂÃÄ»ÅÆÇÅÈÄ  
5.2-5 
where uth is the thermal strain. J(s) can be obtained at individual node sets, P, 
along the crack front by discretizing Ñ(s) as: 
w  ÒwÒ 
5.2-6 
where ÑQ =1 at the node set P and zero at all other locations. Substitution of 
5.2-6 into 5.2-5 giving the J-integral at each node set P along the crack front: 
&Ó  &Ó̅/ s ÓwP  
5.2-7 
where JP is the J-integral at node set P and NP is a node set located at a value s 
along the crack front. 
 J-Integral Results 
The following details the results of the finite element models for crack front 
J-integral at various angular orientations and multi-parameter J-Q methodologies. 
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5.3.1. Variation of J Along the Crack Front 
Beginning by looking at the effects of the crack on the values of J the 
models were evaluated at each contour region to gain a plot of the J-integral 
value versus the ratio of crack length progressing from 0 to 1. The values of s 
were calculated numerically using an elliptical integral evaluated at the node 
points along the crack front. These values were then divided by the largest arc 
length to verify that the final value of the ratio was 1.  
s Ô'w¯'  Õ'®-w',
-(,  n¦@Õ n*
Í
ÍÖ  
5.3-1 
Load level was selected by looking at the values of J that were expected 
at a node point that existed in the mesh. With a node located at a radial distance 
from the center point of the crack of 3.07x10-3 mm, the equation J=r*0*2 was 
used to calculate a J value of approximately 0.53 mJ/mm2. Due to a particular 
interest in investigating the crack at a value of s=0.5, Figure 5.3-1 was plotted 
using a load step that provided a J value of 0.53 at the node associated with 
s=0.5.  
Results from the specimen with crack dimensions of a=1.65mm 
b=1.65mm, Figure 5.3-1, show a very strong correlation between the position 
along the crack front and the J value as expected. There is a peak in J at a value 
of s=0.065 and s=0.935 with a drastic drop in J on either side of this point. This is 
likely due to a loss of constraint near s=0 and s=1 along with a reduction in 
bending stress contribution as the crack depth increases toward the center line of 
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the loading. Values for this configuration peak at a J value of 0.84 mJ/mm2 and 
bottom out at a value of 0.530 mJ/mm2. 
Figure 5.3-1 - Variation of J along the crack front plotted against the ratio of arc 
length for a specimen with crack dimensions of a=1.65mm and b=1.65mm at a 
load of 5.5kN 
5.3.2. Influence of Crack Aspect Ratio on J 
The next step was to look at the effect changes in the elliptical crack 
dimensions had on the value of J across the crack front. For this analysis models 
with crack dimensions of a=1.65 b=1.65, a=1.65 b=2.54, a=2.54 b=1.65 and 
a=2.54 b=2.54 were used to provide cases of crack geometry variance in each 
configuration of the ellipse. All positional data was normalized along the crack 
front to give values of s from 0 to 1 and for all models data was collected at an 
s=0.5 J=0.53 value. The results shown in Figure 5.3-2 indicate that increasing 
the depth of the crack tip increases J-integral values while increasing the crack 
width causes a decrease in J. From the results for a=b=2.54 it can be seen that 
the effect of increasing the crack depth has a larger effect on the deformation 
state of the crack than increasing the width of the crack as the proportional 
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increase in size cause an unproportioned shift in the curve. It is worth mentioning 
that the values for a=1.65mm b=2.54mm were taken at a slightly lower and 
higher load level J-integral level due to a gap in the analysis intervals. The 
difference in the values along the crack front was minimal and only the results for 
a J lower than 0.53 at the location s=0.5 is shown for this reason. 
 
Figure 5.3-2 - Values of J plotted against arc length ratio for multiple elliptical 
crack geometries 
Seeing an obvious dominance on the state of J with changes to crack 
geometry it was of interest to show the changes to J at the crack root with 
changing crack aspect ratios. Figure 5.3-3 shows the results for J at the crack 
root with the value a held constant at 0.065mm and b allowed to vary from 
0.762mm to 3.429mm at a selected CMOD of 0.003mm. From these results a 
sharp decrease in J for ratios below 1/1 and a slight decrease in J for ratios 
above 1/1 are seen. Investigating further, J at the crack root for the same ratios 
of a/b was plotted at varying load steps, as shown in Figure 5.3-4 where the 
values of CMOD of 0.0015mm, 0.003mm and 0.0045mm are used. From this plot 
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it can be seen that the loading has a large effect on how crack ratio manipulates 
the J values at the crack root. With a high level of loading, the negative slope of 
the J values beyond an aspect ratio of 1/1 gains magnitude resulting in a sharper 
decrease in J values. At low levels, the slope of the J curve actually switches to a 
positive value, causing an increase in J beyond crack ratios of 1/1. Holding b as 
a constant 1.65mm and allowing a to vary from 0.762mm to 3.429mm a drastic 
difference in behavior is seen as shown in Figures 5.3-5 and 5.3-6 with a drastic 
increase in J with a variance of a below and above a ratio of 1/1 with the 
 
Figure 5.3-3 – J at s=0.5 plotted against crack aspect ratio (a/b) for a single 
CMOD values of 0.003mm 
 
Figure 5.3-4 – J at s=0.5 plotted against crack aspect ratio (a/b) for multiple 
CMOD values of 0.0015mm, 0.0030mm and 0.0045mm 
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exception that J appears to level off beyond a ratio of 1/2. The slopes of the J 
curve on either side of a 1/1 ratio see the effect of loading through a large 
increase of magnitude as the load increase. The state J at the crack tip with 
lower loading reaches a near linear state. 
Figure 5.3-5 - J at s=0.5 plotted against crack aspect ratio (b/a) for a single 
CMOD values of 0.003mm 
Figure 5.3-6 - J at s=0.5 plotted against crack aspect ratio (b/a) for multiple 
CMOD values of 0.0015mm, 0.0030mm and 0.0045mm 
5.3.3. Changes to the Angular Orientation of the Crack 
With a clear picture of how the changes to the crack size effect the J-
integral values of the crack front for a flaw perpendicular to the loading direction, 
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investigation was started into the effect that changes to the crack orientation 
have as J deviates from a purely mode I loading method. For this investigation a 
single model with the crack of dimensions a=b=1.65 rotated a value of -10 
degrees from the original crack plane was created as shown in Figure 5.3-7. All 
other parameters for the modeling were held constant including elements along 
the crack front and number of contours in the J-integral region of the model. 
 
Figure 5.3-7 – Visualization of crack tip rotated -10 degrees from the original 
crack plane. 
Values of J along the crack contour s were plotted at a displacement load 
value of 0.037mm for models of a=b=1.65 at theta equal to 0, -10 and -30 with 
results shown in Figure 5.3-8. A slight negative shift in the J values is seen at 
all regions with a increase in magnitude of difference in the regions of s=0.04, 
s=0.22 and s=0.5 for the =-10 degree model. The =-30 model shows large 
reductions in J values across all regions with the magnitude decrease being 
approximately equal across the crack front. These results show that the crack 
orientation about theta has a scaling effect on the J values of the crack tip, with 
little difference seen in the regions where the loading is still nearly perpendicular 
to the crack plane. Investigating the curve for theta at -30 degrees, the effect of 
crack orientation is more exaggerated and significant. At this point the loading 
has shifting away from the primarily mode I crack loading effect to an orientation 
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in which loading contributions shift toward mode II and mode III. As these modes 
begin playing a much larger role in the crack front J-integral values it is seen in 
Figure 5.3-9, in which the values are taken at the same J at s=0.5 for all models, 
that the same J at the root results in a decrease in J along the crack front. 
Looking at both the =-10 and =-30 results the orientation a commonality is
found in which there is a magnitude decrease in the change of J along s between 
s=0.07 and s=0.15. This slope change provides an explanation for the initial 
increase in J with crack rotation ultimately resulting in a drastic drop in J as theta 
increases. 
Figure 5.3-8 – Variation of J plotted against s for a crack of a=b=1.65 at a 
selected displacement load level of 0.037mm 
Investigating the effect that an orientation change of the crack has on the 
stress state of the model, the hydrostatic stress values versus theta was plotted 
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in Figure 5.3-10. Results show that a change in the orientation of the crack 
causes large changes to the hydrostatic stress state ahead of the crack tip. To 
start, the peak of the hydrostatic stress curve is shifted to the left with the 
magnitude remaining effectively the same. As theta progresses into the negative 
region, a decrease in hydrostatic stress is seen. This is likely due to decreased 
effects of bending and tension stresses in this region as the upper ligament of the 
crack begins to hang below the load-bearing area of the remaining ligament 
length. At a theta value of 180 degrees, the hydrostatic stress state of the angled 
crack increases greatly compared to flat crack. This is caused as the stresses in 
this region increase as the crack aligns more with the plane of loading. 
Figure 5.3-9 – Variation of J plotted against s for a crack of a=b=1.65 at values of 
=0, -10 and -30 with J at s=0.53 for all models
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Figure 5.3-10 – Hydrostatic stress vs. theta for cracks of angles 0and10 
5.3.4. Investigation of Two-Parameter Q Analysis 
Shifting focus to the evaluation of the crack tip stresses, the values of the 
angular distribution of hydrostatic stress were plotted at a radius of r/(J/y)=2. 
Initial comparisons of the distribution for the fastener model against the SSY 
model at Q=0 shows that there is a deviation in the hydrostatic stress state 
between the theoretical solution and the fastener finite element model. This was 
only done for the cases of the crack being perpendicular to the loading direction 
due to the difficulty in separating J for mode I loading and J for mode II loading. 
The implication is that the constraint effects acting on the threaded fastener do 
not represent the plane strain representation for the constraint effects of the SSY 
Q=0 modeling, suggesting that a two-parameter approach is needed for this 
analysis.  
Values of T/y in the SSY model are then adjusted to obtain the calculated 
negative Q value needed to bring the triaxiality effects on the stress state in line 
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with the calculated values in the fastener model. It can be seen from Figure 
5.3-11 that there is a fair amount of agreeance between the SSY model for 
Q=-0.21778 and the a=b=1.65 model. Beyond a value of =155 the SSY results 
no longer represent the stress state, but as this point lies outside of the critical 
area for crack propagation this deviation is of little current significance to this 
body of work, though future investigation of this phenomenon could of interest. 
Figure 5.3-11 - Angular variation at r/(J/y)=2 of the hydrostatic stress for the 
SSY model with a Q value of -0.22 and a fastener specimen with an elliptical 
crack of dimensions a=1.65 and b=1.65 at a location of s=0.5. Also included for 
reference is the data for the SSY specimen when Q=0. 
This process was then repeated for the point on the a=b=1.65 model at a 
value of s=0, shown in Figure 5.3-12. At this point the difference in the SSY 
model and the fastener model is on the scale of the yield stress. In order to 
match the angular distribution for a value of =0 a T/y of 1.07 was used. A 
difference this large proved to show a less ideal curve fit for when compared to 
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the fastener model. This result was also seen by Faleskog [35] in his 
comparisons for SEN and specimens loaded in bending and tension.  
 
Figure 5.3-12 - Angular variation at r/(J/y)=2 of the hydrostatic stress state for 
the SSY model with a Q value of -1.08 and a fastener specimen with an elliptical 
crack of dimensions a=b=1.65 and s=0. 
To investigate the effect of crack dimensions on the hydrostatic stress 
state further, plots were created for all crack dimensions of hydrostatic stress 
against theta at s values of 0 and 0.5. In Figure 5.3-13 all configurations showed  
an increase in Q at an s value of 0.5 with the greatest increase occurring in the 
a=1.65 b=2.54 variant. This indicates that an increase in crack depth causes a 
more exaggerated deviation from the triaxiality of the SSY model at a value of 
T=0 than for geometries in which the crack width is increased. Increases in both 
the width and depth direction appear to have an averaging effect on the Q 
values, however further investigation of more crack front geometries would be 
stress in the range of =35 to =155 show that deviations from the MBL solution 
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at such low levels of constraint are significant for this configuration needed to 
verify this effect and is not covered in this body of work due to time constraints. 
 
Figure 5.3-13 - Angular variation at r/(J/y) of the hydrostatic stress for the SSY 
model against 4 configurations of elliptical crack front in a threaded fastener at a 
position of s=0.5: a) a=b=1.65mm resulting in Q=-0.21 b) a=2.54mm, b=1.65mm 
resulting in Q=-0.34 c) a=1.65mm b=2.54mm resulting in Q=-0.25 d) 
a=b=2.54mm resulting in Q=-0.29 
Looking into the values of Q when s=0 an opposite effect is seen than the 
one discussed above. Figure 5.3-14 shows the hydrostatic stress plotted against 
theta at this location. From the results it is actually seen that an already high Q, 
related to a T stress exceeding the yield stress for the initial configuration of 
a=b=1.65mm, actually decreases with increases to crack width and depth. 
Changes in crack size appear to have a cumulative effect on the Q parameter as 
the crack size increases, causing a decrease in the hydrostatic stresses seem. At 
highly negative levels of Q a deviation in the hydrostatic stresses of the SSY 
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model from the fastener model is seen between 35 and 155 for all cases. It 
can be seen that this difference effect is decreased as Q0. These results bring 
into question whether a third-parameter may be needed to properly define the 
stress state for the crack configuration. 
Figure 5.3-14 - Angular variation at r/(J/y) of the hydrostatic stress for the SSY 
model against 4 configurations of elliptical crack front in a threaded fastener at a 
position of s=0: a) a=b=1.65mm resulting in Q=-1.07 b) a=2.54mm, b=1.65mm 
resulting in Q=-1.04 c) a=1.65mm b=2.54mm resulting in Q=-0.95 d) 
a=b=2.54mm resulting in Q=-0.93 
Seeing such a large variation in the value of Q at the free edges of the 
crack front and the crack root, the values of Q along the crack front were plotted 
alongside the values of J along the crack front to show the necessity of the two-
parameter approach. Single parameter fracture mechanics would predict crack 
propagation at the area in Figure 5.3-15 where J is the highest. It can be seen 
from this figure however, that low triaxiality in this region defines the value of Q to 
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be small in this region when compared to the crack front center. Therefore it is 
expected from the J-Q lotus that crack propagation has the potential to occur at 
any region where a given range of values for Jc and Q intersect. 
 
Figure 5.3-15 – Variation of J and Q along the crack front for a specimen flaw of 
dimensions a=b=1.65mm demonstrating the need for a two parameter fracture 
mechanics approach to failure analysis. 
Figure 5.3-16 shows how J and Q vary as the load is increased. It can be 
seen from the chart that J increases with additional loading displacement while Q 
becomes increasing negative as low constraint effects grow. This implies that as 
the loading progresses farther and farther into the nonlinear response range the 
application of the J-Q approach to fracture mechanics has increasing necessity 
to accurately predict failure. In the early stages of loading Q is in the positive 
range indicating that a single parameter J theory can be used within this region 
as the failure will be J-dominated. As Q progresses in the negative regions, the 
stresses predicted by the J-integral method now exceeds the actual stresses 
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seen in the component indicating the crack may not extend in the manner 
predicted from the single parameter J method and may see extension in a 
different regions with higher stresses.  
 
Figure 5.3-16 – Variation of J and Q as displacement load perpendicular to the 
crack plane is increased. 
The next course for this investigation was to examine the opening stress 
and radial stress ahead of the crack tip to verify the J-Q approach to accurately 
defining these parameters. From Figure 5.3-17, which represents a crack with 
geometry of a=b=1.65mm compared to values of an MBL model with a Q set to   
-0.207, it is noted that the crack opening stress has excellent agreeance at a 
value of r/(J/y)=2 which is to be expected as this was the point at which Q was 
calculated. Beyond a r/(J/y) value of 2 the SSY curve continues to hold a very 
close fit to the fastener model. Looking at the radial stress, slightly less 
agreement between the SSY and fastener models is seen. This implies that the 
third term of the hydrostatic stress may have a greater effect on overall 
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hydrostatic stress than the J-Q theory accounts for in configurations of this type 
than originally predicted. 
Figure 5.3-17 - Stress distribution ahead of the crack tip at  plotted against
r/(J/y) at s=0.5 for crack opening stress () and radial stress (rr) for a crack of 
dimensions a=b=1.65mm and SSY representing Q=-0.207 
Examination of the opening and radial stresses for the 3 remaining 
configurations tested, Figure 5.3-18, show similar results to the a=b=1.65 model. 
With a close fit for all cases of the opening stress and radial stress. As Q is 
increased it’s witnessed that the opening and radial stress for the SSY model are 
shifted below the curves extracted from the fastener models. These shifts 
indicate that the SSY model at Q values below approximately -0.21 do not predict 
the contribution of the out-of-plane stress as closely as would be ideal for this 
specific configuration. 
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Figure 5.3-18 - Stress distribution ahead of the crack tip at  plotted against 
(r/Jy) for crack opening stress () and radial stress (rr) for: a) a=b=1.65mm, 
SSY at Q=-0.21 b) a=2.54mm, b=1.65mm, SSY at Q=-0.34 c) a=1.65mm 
b=2.54mm, SSY at Q=-0.25  d) a=b=2.54mm, SSY at Q=-0.2 
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CHAPTER VI 
CONCLUSIONS 
Various methods of analysis for a threaded fastener were conducted to 
identify possible benchmark tests for determining cause of failure for in-service 
components. Investigation of J-Integral methodologies and compliance analysis 
were of interest. 
Analysis of compliance showed a need for laboratory data collection for all 
configurations of interest due to a significant effect of geometry on the COD 
results and the contribution effect of plasticity being difficult to define 
mathematically for the nonlinear-elastic material. A tabular method of 
characterizing the compliance was created using a parametric equation 
consisting of 7 variables to define the COD value for a given a/d. It was shown 
that COD is highly dependent on the material state, with a single constant able to 
define the linear range and a new constant needed for each value of COD plotted 
in the nonlinear range. 
Comparison of a crack perpendicular to the loading and a crack angle 
negative ten degrees from the crack front show little variation in J. Despite this, a 
significant shift in the hydrostatic stress state seen ahead of the crack front when 
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plotted again angular variation. Increasing the crack angle to 30 degrees J sees 
a drastic change in overall values along the entire crack front. A plateau effect in 
the maximum J values along s is seen as the angle of crack orientation is 
increased to -30 degrees, resulting in a significant overall drop in J magnitudes.  
Crack geometry was shown to have a significant effect on the constraint 
ahead of the crack tip with an increase in width and/or depth causing an increase 
in constraint at the edges and a decrease in constraint in the center of the crack 
front. It was noted that this effect appears to have an averaging effect at the 
crack root and an additive effect with increases in both width and depth, but 
investigation of more crack geometries than examined in this research would be 
needed to verify. 
The results of a single parameter J-integral analysis were found to not 
adequately describe the stress state ahead of the crack front of the tested 
configurations in the large scale yielding region for a nonlinear-elastic material. 
Application of a J-Q analysis is shown to be a valid method to represent fracture 
properties of threaded fastener bolt geometries ahead of the crack tip giving 
excellent representation for the areas of most significance. Adjustment of the 
SSY MBL solution to account for Q caused a reduction in crack opening stress 
values needed to produce the agreement with three-dimensional fastener model. 
The adjusted SSY models have an excellent fit in opening stress with the 
fastener models in the J-Q annulus despite the slight variations seen for the 
radial stress.  
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